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EFFECT OF VISCOSITY ON DYNAMICS OF BUBBLE PERTURBATIONS IN A LIQUID

O. V. Voinov UDC 532.516

The dynamics of a bubble in a low-viscosity liquid is considered. The equation of dynamics of small
perturbations with allowance for viscosity effects is determined.
Key words: bubble, viscosity, perturbation, equation of dynamics.

Let us consider a bubble with a variable radius in a low-viscosity liquid. Let the shape of the bubble surface S
be close to spherical. The goal of the present paper is to derive the equation of dynamics of surface perturbations.

Let us introduce a spherical coordinate system (r, 6, ¢) with the origin in the sphere center. The expression
for the bubble-surface radius r¢ includes a small perturbation proportional to the spherical harmonic Y,:

ro(0,¢,t) = R(t) + r1(t) + a(t)Yn (0, ), a < R. (1)

Here, R is the radius of a sphere with an equivalent volume and a is the perturbation amplitude; the integral of Y,?
over a unit sphere is assumed to be equal to unity. In what follows, the argument ¢ at the functions R, r1, and a
is omitted. It follows from the expression for the bubble volume V = (4/3)mR3 that the value of the variable is
ry = —a?/(47R).

The unperturbed velocity field is potential. Let the perturbation of the velocity field around the bubble be
also close to potential. This is possible if the product of the kinematic viscosity v and the characteristic time 7 is
small: v7 < [? (I = 7R/n is the characteristic distance).

The velocity potential v = V@ is found by solving the Neumann problem

Ad =0, 3@287"0”“ ®—-0, r—o
on ot
in an approximate form:
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Here, the coefficient at 1/r is valid with accuracy to small Ra® /R? and aa®/R.

To describe the perturbation dynamics, we use an energetic approach similar to that used in [1] to describe
the dynamics of a system of bubbles in a low-viscosity liquid. The generalized forces in the Lagrange equations can
be expressed in terms of the rate of energy dissipation £ in the potential velocity field:
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The generalized coordinates are ¢; = a and ¢2 = R. The Lagrange function is L = Ty — S (T is the kinetic
energy of the liquid and o is the surface tension). The kinetic energy and the dissipation rate are determined by
the formulas

i=1,2. (3)
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where p is the liquid density, ¢ is the dynamic viscosity, and €2 is the domain occupied by the liquid; summation is
performed over repeated subscripts. The integral in the formula for E is reduced to the surface integral
Ov?
E=—pu on ds. (5)
s
In calculating the integrals, we use approximate expressions for the components of the normal to the bubble
surface:
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Here, Y =Y,,. The area of the surface element is

dS =r3(1+ (nj + nf,)/Q) sin 6 dy db.
In what follows, we also use the integrals over a unit sphere S’

/deS’zl, /(1/'9’2+ L Y’2)ds’:n(n+1).
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The second integral is needed for calculating the energy dissipation rate E.
From Egs. (1), (2), and (4), we find the kinetic energy, taking into account the principal terms with respect
to the small amplitude a and velocity a:

R3 42 n—1 . .
0 n+1—pn+1(a2R2R+aaRR2)+.... (7)

The potential energy (free surface energy) is determined as

oS ~4AnR%c + (n —1)(n — 2)0a?/2. (8)

Ty = 2mpRR% + p

Calculating E requires more transformations than calculating the kinetic energy T'; therefore, we give only
intermediate expressions:
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Here u = a + 2aR/R. We multiply each formula in (9) by the corresponding component of the normal (6) and
sum up them to obtain —dv?/dn. Calculating integral (5), we obtain an approximate expression for the energy
dissipation rate:

E =167uR*R + 2u[(n 4 2)(2n 4+ 1)a®R 4 2(n + 2)(n — 1)aaR — 2(n — 1)(2n 4+ 1)a®R*R™Y]/(n+1).  (10)

With allowance for Egs. (7), (8), and (10), the Lagrange equations (3) yield the following equation for the
harmonic perturbation amplitude a = a,,:

Riy, + 3Ray, + [(n® — 1)(n + 2)a/(pR?) — (n — 1) Rla, = —2v(n + 2)[(2n + 1)Ra, + (n — 1)Ra,]/R%. (11)

In the case with zero viscosity (v = 0), the right side of the dynamic equation (11), which is the contribution of
viscosity to the bubble perturbation dynamics, is also equal to zero, and Eq. (11) coincides with the equation
derived in [2].

Equation (11) is a corrected Eq. (2) from [3], where the additional term is redundant.

916



REFERENCES

1. A. M. Golovin, “Lagrange equations for a system of bubbles in a liquid of low viscosity,” J. Appl. Mech.
Tech. Phys., 8, No. 6, 11-15 (1967).

2. M. S. Plesset and T. P. Mitchell, “On the stability of the spherical shape of vapour cavity in a liquid,” Quart.
Appl. Math., 13, No. 4, 419-430 (1956).

3. O. V. Voinov, “Conditions for destruction of a spherical gas bubble in a liquid with nonlinear oscillations,”
Dokl. Ross. Akad. Nauk, 422, No. 6, 750-754 (2008).

917




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


